Rules for integrands of the form (c x)"Pq[x] (ax? + bx")?

1: JPq[x"] (axj+bx")pd1x whenp¢zZ A j#n A %ez A -1<n<1

Derivation: Integration by substitution
Basis: If d e 7", then rx" = dSubst[xd‘1 F[xd“], X, xl/d] 8, x1/d
Rule:lf p¢Z A j+n A % €Z N -1<n<1,letd = Denominator[n],then

JPq[x"] (a x3 +bx")Pdx — dSubst[de'1 Pa[x?"] (a x43 +bx?")Pax, x, xl/d]

Program code:

Int[Pq_x (a_.#x_"j_.+b_.*x_"n_)~p_,x_Symbol] :=

With[{d=Denominator[n]},

d+Subst[Int[x~(d-1) xReplaceAll [SubstFor [x"n,Pq,X] ,X->Xx" (dxn) ] (a#x" (d*J) +bsx" (d*n) ) ~p,x],x,x*(1/d) || /;
FreeQ[{a,b,j,n,p},x] & PolyQ[Pq,x"n] & Not[IntegerQ[p]] && NeQ[n,j] && RationalQ[j,n] && IntegerQ[j/n] && LtQ[-1,n,1]



Rules for integrands of the form (c x)~"m Pq(x) (a x"\j+b x~n)"p

2 f‘cx)mpq[xn] (ax?+bx")Pdx whenp¢z A j#n A lez A Blez

1: meq[x"] (axj+bx")pd1x whenp¢z A j#n A iLeZ A "';1 €z

Derivation: Integration by substitution

Basis: If ™1 ¢ Z,then x"Fx"] = lSubst[x$'1 FIX], X, X"] X"
n n

Note:If nez A m;1 € Z,thenm € Z,and (c x)™automatically evaluates to c™ x™.

Rule:if pgz A j#n A Lez n ™ ey then

n

.J‘x'" Pa[x"] (a x3 +bx")pd1x — lSubstU‘ T Pq [X] (a xj/"+bx)pdlx, X, x"]
n

Program code:

Int[x_"m_.*Pq_x (a_.#x_"j_.+b_.*x_"n_)~p_,x_Symbol] :=
1/n+Subst [Int[x” (Simplify[ (m+1) /n]-1) «SubstFor [x"n,Pq,x]« (a*x"Simplify[j/n]+bxx)~p,x],x,x n] /;
FreeQ[{a,b,j,m,n,p},x] && PolyQ[Pq,x"n] && Not[IntegerQ[p]] && NeQ[n,j] & IntegerQ[Simplify[j/n]] && IntegerQ[Simplify[ (m+1)/n]]



Rules for integrands of the form (c x)~"m Pq(x) (a x"\j+b x~n)"p

m+1

2: J(cx)qu[x“] (ax3 +bx")?dx whenp¢z A j#n A -Z-ez A"tez

Derivation: Piecewise constant extraction

Basis: a, 1—>— =0

Rule:if pgz A j#n A lez n ™ ey, then

n
(ex)"

Xm

J(cx)qu[x"] (axj+bx")pdlx — jx’" Pq[X"] (axj+bx")pd]x

Program code:

Int[ (c_»x_)"m_.«Pq_x (a_.*Xx_"j_.+b_.#x_"n_)"p_,x_Symbol] :=
c” (sign[m] +Quotient [m,Sign[m]]) * (cxx)~Mod[m,Sign[m]]/x"Mod[m,Sign[m] | +Int[x"m«Pqx (a*x~j+bxx*n)~p,x] /;
FreeQ[{a,b,c,j,n,p},x] && PolyQ[Pq,x"n] && Not[IntegerQ[p]] && NeQ[n,j] && IntegerQ[Simpli-Fy[j/n]] &&
IntegerQ[Simplify[ (m+1)/n]] & RationalQ[m] & GtQ[m"2,1]

Int[ (c_»x_)"m_.*Pq_x (a_.*Xx_"j_.+b_.#x_"n_)"p_,x_Symbol] :=
(c*x) *m/x mxInt [x*mxPqx (axx"j+bxx"n)~p,x] /;
FreeQ[{a,b,c,j,m,n,p},x] & PolyQ[Pq,x"n] & Not[IntegerQ[p]] & NeQ[n,j] && IntegerQ[Simplify[j/n]] & IntegerQ[Simplify[ (m+1)/n]]



Rules for integrands of the form (c x)~"m Pq(x) (a x"\j+b x~n)"p

3. j(cx)'“Pq[x"] (ax? +bx")?dx whenp¢z A (j|n) ez

1. [X"Pg[x"] (axj+bx")pd1x whenp¢z A (J|n|i—) €Z*AmeZ A GCD[m+1, n] #1

Derivation: Integration by substitution

Basis:ff nez Amez,letg=GCD[m+1, n],thenxFix] = §5ubst[x?'1r[x2‘], X, X€] Bcx8

Rule:lf pez A (J|n|1)ez Amezletg=G6D[m+1, nl,ifg+ 1,then

. 1 mel n b n\ p
Jx"‘ Pa[x"] (aX® +bx") Pdx — — Subst [Jx?'l Pq [XE] (a Xxg +b xE) dx, X, xg]
g

Program code:

Int[x_"m_.*Pq_x (a_.#x_"j_.+b_.*x_"n_)~p_,x_Symbol] :=
With[{g=GCD[m+1,n]},
1/g+Subst [Int[x" ((m+1) /g-1) xReplaceAll [Pq,Xx-x" (1/g) ] » (axx"(j/g) +b*x" (n/g) ) p,x],x,x"g] /;
NeQ[g,1]] /;
FreeQ[{a,b,p},x] && PolyQ[Pq,x"n] && Not[IntegerQ[p]] && IGtQ[j,0] && IGtQ[n,0] && IGtQ[j/n,a] && IntegerQ[m]



Rules for integrands of the form (c x)~"m Pq(x) (a x"\j+b x~n)"p

2: J(cx)'“Pq[x"] (axj+bx")pd1x whenp¢z A (j|n)ez*Aj<nAag>n-1Am+q+np+1#0

Reference: G&R 2.110.5, CRC 88a
Derivation: Binomial recurrence 3a
Reference: G&R 2.104

Note: This special case of the Ostrogradskiy-Hermite integration method reduces the degree of the polynomial in the
resulting integrand.

Rule:lff peZ A (J|n)ezZ"ANj<nAg>n-1Am+qg+np+1+0,then

J(cx)qu[x"] (axd +bx")Pdx —
. P > .
J(c x)" (Pq[x"] - Pqlx, q1 x) (ax? +bx")Pdx + %J(cx)’“*q (axd +bx")Pax —

Pq[X, q] (€x)™4™1 (axd + bx“)'J+1

+
bch ™ m+q+np+1)

j(c x)™ [Pq [x"] - PqIx, q] x% -

aPg[x, q] (m+q-n+1) x9"

] (axj+bx")pd1x
b(m+gq+np+1)

Program code:

Int[ (c_.*x_)"™m_.*Pq_x (a_.#X_"j_.+b_.*x_"n_)~p_,x_Symbol] :=
With[{q=Expon[Pq,x]},
With[{Pqq=Coeff[Pq,x,q]},
Pqqx (cxX) A (M+q-n+1) * (axx j+bxx"n) A (p+1) / (bxc” (q-n+1) » (M+q+n*p+1)) +
Int [ (c*x) “mxExpandToSum[Pq-Pqq*x"q-a*Pqqx (m+q-n+1) «x* (q-n) / (b* (M+q+nxp+1) ) ,X] » (axx"j+bxx*n)~p,x]] /;
GtQ[q,n-1] && NeQ[m+q+nxp+1,0] && (IntegerQ[2xp] || IntegerQ[p+(q+1)/(2*n)])] /3
FreeQ[{a,b,c,m,p},x] && PolyQ[Pq,x] && Not[IntegerQ[p]] & IGtQ[j,0] && IGtQ[n,0] && LtQ[j,n]



Rules for integrands of the form (c x)~"m Pq(x) (a x"\j+b x~n)"p

4. J(cx)qu[x"] (ax?+bx")?dx whenp¢z A j#n A -;‘;-ez A m:_1€Z

. m n 5 n\p : i _n_
1: | x Pq[x] (ax3+bx")Pdx whenpe¢z A j#n A lez A ez

Derivation: Integration by substitution
Basis: If mT—l e Z,then x"F[x"] = t Subst[F[anT], X, x™1] g, xm

Rule:lif pgz A j#nAlezn ez

Jx'“ Pe[x"] (a x3 + bx")pdlx — mi-l Subst[JPq[Xm"T] (a Xor + mei‘_l)pdlx, X, x’"*l]

Program code:

Int[x_"m_.xPq_x (a_.*Xx_"j_.+b_.#x_"n_)"p_,x_Symbol] :=
1/ (m+1) xSubst [
Int [ReplaceAll [SubstFor [x"n,Pq,x],x-»>x"Simplify[n/ (m+1) ] ] * (a*x"Simplify[j/(m+1) | +bxx"Simplify[n/ (m+1)1)~p,X],x,x(m+1)] /;
FreeQ[{a,b,j,m,n,p},x] && PolyQ[Pq,x"n] && Not[IntegerQ[p]] && NeQ[n,j] & IntegerQ[Simplify[j/n]] &&
IntegerQ[Simplify[n/ (m+1)]] & Not[IntegerQ[n]]



Rules for integrands of the form (c x)~"m Pq(x) (a x"\j+b x~n)"p

2: J(cx)qu[x“] (ax3 +bx")?dx whenp¢z A j#n A -Z-ez A m':—lez

Derivation: Piecewise constant extraction
Basis: a, 1—>— =0

Rule:if pgz A j#n A lez A ez then
(ex)"

Xm

J(cx)qu[x"] (axj+bx")pdlx — jx’" Pq[X"] (axj+bx")pd]x

Program code:

Int[ (c_»x_)"m_»Pq_x (a_.*x_"j_.+b_.*x_"n_)~p_,x_Symbol] :=
c” (sign[m] +Quotient [m,Sign[m]]) * (cxx)~Mod[m,Sign[m]]/x"Mod[m,Sign[m] | +Int[x"m«Pqx (a*x~j+bxx*n)~p,x] /;
FreeQ[{a,b,c,j,n,p},x] && PolyQ[Pq,x"n] && Not[IntegerQ[p]] && NeQ[n,j] && IntegerQ[Simpli-Fy[j/n]] &&
IntegerQ[Simplify[n/(m+1)]] & Not[IntegerQ[n]] && GtQ[m~2,1]

Int[ (c_»x_)"m_»Pq_s (a_.*x_"j_.+b_.*x_"n_)~p_,x_Symbol] :=
(c*x) *m/x mxInt [x*mxPqx (axx"j+bxx"n)~p,x] /;

FreeQ[{a,b,c,j,m,n,p},x] & PolyQ[Pq,x"n] & Not[IntegerQ[p]] & NeQ[n,j] && IntegerQ[Simplify[j/n]] &&
IntegerQ[Simplify[n/ (m+1)]] & Not[IntegerQ[n]]



Rules for integrands of the form (c x)~"m Pq(x) (a x"\j+b x~n)"p

5: J(cx)qu[x] (ax? +bx")?dx whenp ¢z A j#n

Derivation: Algebraic expansion

Rule:

J(c x)"Pgx] (ax? +bx")Pdx — jExpandIntegrand[ (€x)"Pqx] (axd +bx")?, x] dx

Program code:

Int[ (c_.*x_)"m_.*Pq_x(a_.#x_"j_.+b_.*x_"n_)~p_,x_Symbol] :=
Int[ExpandIntegrand [ (c#x)“m#Pqx (axx j+bxx*n)~p,x],x] /;
FreeQ[{a,b,c,j,m,n,p},x] & (PolyQ[Pq,x] || PolyQ[Pq,x"n]) && Not[IntegerQ[p]] & NeQ[n,j]

Int[Pq_x(a_.#x_"j_.+b_.*x_"n_)~p_,x_Symbol] :=
Int[ExpandIntegrand [Pgx (axx"j+b#x"n)~p,x],x]| /;
FreeQ[{a,b,j,n,p},x] & (PolyQ[Pq,x] || PolyQ[Pq,x"n]) && Not[IntegerQ[p]] && NeQ[n,j]



